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OS ', Abstract 

We determine the instanton corrections to the effective coupling in SU(2), 
N = 2 Yang-Mills theory with four flavours to all orders. Our analysis uses the 
S(2, Z)-invariant curve and the two instanton contribution obtained earlier to fix 
the higher order contributions uniquely. 
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1 Introduction 

Seiberg and Witten |], 0] proposed exact results for SU(2), N = 2 supersymmetric 
Yang-Mills theory with and without matter multiplets. These include, in particular an 
exact expression for the mass spectrum of BPS-states for these theories. Their solu- 
tions also provide a mechanism, based on monopole condensation, for chiral symmetry 
breaking and confinement in iV = 2 Yang-Mills with and without coupling to fundamen- 
tal hypermultiplets respectively. The results of Seiberg and Witten have since been 
generalised to a variety of gauge groups || describing a number of interesting new 
phenomena ||. 

On another front the low energy effective theories arising from non-Abelian YM- 
theory have been identified with those describing the low energy dynamics of certain 
intersecting brane configurations in string theory |J. This approach to field theory 
has the advantage of providing an elegant geometrical representation of the low energy 
dynamics of strongly coupled supersymmetric gauge theory. 

For gauge groups SU(2) and Np < 3 massless flavours it has since been shown 
that the solution |l|, 0] are indeed the only ones compatible with supersymmetry and 
asymptotic freedom in these theories ||. However, a number of issues have still resisted 
an exact treatment. In particular the precise relation between the low energy effective 
coupling r cff and the microscopic coupling r in the scale invariant Np = 4 theory has 
not been understood so far. Indeed, while the two couplings were first assumed to 
be identical in it was later found by explicit computation that there are, in fact, 
perturbative as well as instanton corrections 0. On the other hand, explicit instanton 
calculus is so far limited to topological charge k < 2. A related observation has been 
made in the D-brane approach to scale invariant theories. The details of the conclusions 
reached there are, however, somewhat different ||. 

The purpose of the present paper is to fill this gap. Our analysis uses a combination 
of analytic results from the theory of conformal mappings combined with the known 
results form instanton calculus. More precisely we consider the sequence r i— > z e 
C i—*- T cff . We will then argue that given the Seiberg- Witten curve together with some 
suitable assumptions on the singular behaviour of the instanton contributions there is 
a one-parameter family of admissible maps r cff i— > r. The remaining free parameter 
is in turn determined by the two-instanton contribution to the asymptotic expansion 
at weak coupling. This coefficient has been computed explicitly in [7]. Combining 
these results then determines the map completely. Although we are not able to give 
a closed form of the map r i— > r cff globally the higher order instanton coefficients 
can be determined iteratively. We further discuss some global properties of the map 
qualitatively. In particular we will see that it is not single valued meaning that the 
instanton corrections lead to a cut in the strong coupling regime. In this note we 
restrict ourselves to gauge group 577(2) leaving the extension to higher groups || for 
future work. 



2 Review of N=2 Yang-Mills with 4 Flavours 

To prepare the ground let us first review some of the relevant features of the theory of 
interest 0, that is N = 2 YM-theory with 4 hypermultiplets Q r and Q r , r = 1, • • • , 4, in 



the fundamental representation. In N — 1 language the hypermultiplets are described 
by two chiral multiplets containing the left handed quarks and anti quarks respec- 
tively. These are in isomorphic representations of the gauge group SU(2). The global 
symmetry group therefore contains a 5*0(8) or, more precisely, a 0(8) due to invari- 
ance under the Z 2 "parity" which exchanges a left handed quark with its anti particle, 
Qi < -^ Qi, with all other fields invariant. At the quantum level this Z 2 is anomalous 
due to contributions from odd instantons. 

We consider the Coulomb branch with a constant scalar ip = a ^ in the N = 2 
vector multiplet. This breaks the gauge group SU{2) — > U(l). The charged hypermul- 
tiplets then have mass M=\r2\a\ and transform as a vector under 5*0(8), rather than 
0(8) due to the Z 2 -anomaly. In addition, there are magnetic monopole solutions lead- 
ing to 8 fermionic zero modes from the 4 hypermultiplets. These turn the monopoles 
into spinors of 50(8). The symmetry group is therefore the universal cover of 50(8) 
or Spin(8) with centre Z 2 x Z 2 . Following |2[] we label the representations Z 2 x Z 2 
according to the Spin(8) representations, that is the trivial representation o, the vector 
representation v and the two spinor representations s and c. To decide in which spinor 
representation the monopoles and dyons transform one considers the action of an elec- 
tric charge rotation e m ® on these states. Here the electric charge Q is normalised such 
that the massive gauge bosons have charge ±2. This action is conveniently described 
by 

e mQ = e inmd (-l) H , (1) 

where states with even, odd n e are (— 1) H even, odd respectively. On the other hand, 
for consistency, the monopole anti-monopole annihilation process requires a correlation 
between chirality in Spin(8) and electric charge ||. We therefore identify (—1)^ with 
the chirality operator in the spinor representations of Spin(8). Hence dyons with even 
and odd electric charge transform in one or the other spinor representation of Spin(8) 
respectively. There is an outer automorphism 53 of Spin(8) that permutes the three 
non-trivial representations v, s and c. It is closely connected to the proposed duality 
group SL(2, Z) of the quantum theory. Indeed there is a homomorphism SL(2, Z) — > 
5 3 , so that the invariance group of the spectrum is given by the semi direct product 
Spin(8) and SL(2, Z). The kernel of this homomorphism plays an important part in 
our analysis below. It consists of the matrices congruent to 1 (mod(2)). They are 
conjugate to the subgroup r (2). The fundamental domain of this subgroup is the 
space of inequivalent effective couplings r eff . 

One can further formalise this structure in terms of the hyperelliptic curve that 
controls the low energy behaviour of the model [[| . For this one seeks a curve y 2 = 
F(x,u,t) such that the differential form 

v^dx 

u = ~ (2) 



n y 

du ' du I 



has the periods (-Jjf, f^) with (ap, a) given by 

fu 



- and a D = r cS a. (3) 

The curve consistent with SL(2, Z) duality determined in 0, is given by 

y 2 = (x - ue-i_{r)){x - ue 2 (r))(x - ue 2 (r)), (4) 



where ej(r) are the modular forms corresponding to the three subgroups of SL(2, Z), 
conjugate to the index 3 subgroup r (2). 

3 Map: r i— > r cff 

We now have the necessary ingredients to determine the precise relation between r cff 
and r. We begin with the observation that, according to the structure of the effective 
theory presented above, the fundamental domain D? of any of the three subgroups 
conjugate to T (2) can be used as the space of inequivalent effective couplings. The 
three choices are then related by the Spin(8) "triality" relating the 3 different non-trivial 
representations v, s and c. Each fundamental domain is described by a triangle in the 
upper half plane (Im(r) > 0), bounded by circular arcs flQfl . The 3 singularities are 



conjugate to the points (zoo, —1,1) corresponding to the weak coupling regime, massless 
monopoles and massless dyons with charge (n m ,n e ) = (l, 1) mod(2) respectively. 

In the absence of perturbative- and instanton corrections the effective coupling 
is identified with the microscopic coupling r. This is the case in N = 4 theories. 
In the scale invariant N = 2 theory considered here the situation is different. As 
shown in J7J, the effective coupling is finitely renormalised at the one loop level and 
furthermore receives instanton corrections. As a result the fundamental domain D, 
of inequivalent microscopic couplings and the fundamental domain D^, of inequivalent 
effective couplings are not the same. We will now determine the exact relation between 
them. 

Some information about the fundamental domain D of microscopic couplings r is 
obtained from the following observations: 

a) As the microscopic coupling does not enter in the mass formula, its fundamental 
domain is not constrained to be that of a subgroup of SL(2, Z) ||. Nevertheless we 
require that the imaginary part of r be bounded from below. Correspondingly the 
different determinations of r for a given r cff must be related by a transformation in 
G C PSL(2, 1R). Hence, a particular determination of r. will lie within a fundamental 
domain of G or some covering thereof. That is, 

reC[H/G] where G C PSL(2, H), (5) 

where C[ ] denotes a certain covering. Any such domain is bounded by circular arcs 
and is thus conformally equivalent to the punctured 2-sphere, C — {ai, • • • , a n } [|T0| . 

b) We know of no principle excluding the possibility that the number of vertices of 
D be different from that of Dr- On the other hand such extra singularities have no 
obvious physical interpretation. We therefore discard this possibility. 

Equipped with this information we will now determine the homomorphism that 
maps Dr into the fundamental domain of microscopic couplings^ D. It follows from 
general arguments [fj, [7| that this map has an expansion of the form 

oo 

r cff = Yl c nQ n where q = e wiT (6) 

n=0 



^^As will become clear below the two domains cannot be isomorphic. 



The coefficients q, represent the perturbative one- loop (i = 0) and instanton (i > 0) 
corrections respectively. The contributions from odd instantons to r efi vanishes. This 
is due the fact that the part of the effective action determining the effective coupling 
is invariant under the Z 2 -" parity" described in the last section. The first two non- 
vanishing coefficients of the expansion (^) are known JF]. They are 

% % 7 
c = -41n2 and c 2 = . (7) 

To continue we use some elements of the theory of conformal mappings |L(J. That 
is we consider the maps from the punctured 2-sphere S = C — {oi, • • ■ , a n } to polygons 
in the upper half plane, bounded by circular arcs. Concretely we consider the sequence 
T e g ■ l— > z £ S i— > t (see Fig.l). The form of such mappings is generally complicated. 
However, their Schwarzian derivative takes a remarkably simple form |1(| 



{^4 = E57Z— ^2+ ' 



2 (z — aj) 2 z — a,i 

The parameters a t measure the angles of the polygon in units of ix. The accessory pa- 
rameters Pi do not have a simple geometric interpretation but are determined uniquely 
up to a SL(2, C) transformation of S. Furthermore they satisfy the conditions |T0| 



n it, 



^uj/jj -r j. — c 

i=l i=l 



0. 



£[Aa? + *(!-«?)] = (9) 



«=i 



In the present situation it is convenient to orient the polygons such that they have 
a vertex at infinity with zero angle (see Fig. 1 ) corresponding to the weak coupling 
singularity (r = T cff = 200). The above conditions then simplify to 



EA = (10) 

j=i 

Y^^A-af) = (2-n). 



i=l 
n-1 



i=l 



As explained at the beginning of this section, in the case at hand, the polygon 
on the T eff -side corresponds to the fundamental domain of To (2). The corresponding 
parameters (0,1,014, Pi) are given by 

01 = a- x = -1, P\ = P-\ = —~, OLi = 0. (11) 

The parameters for the polygon on the r-side, (a*, on, Pi) are to be determined. How- 
ever, the conditions ([H]) together with the symmetry r — > —f leaves only one free 
parameter. Indeed, without restricting the generality we can choose fij = aj. Further- 
more &i — — a,i- Then (|10|) implies 

P-i = -J3 l = -(l- 2«! 2 ) (12) 



leaving only one parameter, a.\ say, undetermined. As we shall now see this parameter 
is in turn determined by the two instanton contribution in (^|). For this we make use 
of the identity 



{r, r cB } 



' dr cff 
dz 



{r, z} - {r off , z} 



(13) 



A 



n-l 

E~ 



1 l-a 



+ 



Pi 



^ 2 (z - ai) 2 (z - ai) f^ 2 (z - ai) 2 (z - ai) 
To continue we invert (|^) as 

r = r cS - c - c 2 e~ 2mco q cB + {2vic\ - c 4 ) e" 4 ™^ + 0(g c 4 ff ). 
Finally we need the form of T eS (z), that is the inverse modular function for r (2) JIT 

. 2jt 1 \,2' 2' > 1+ 



(14) 



2 

1 + 2 



'eft — " /it 

2 l \2> 2> ' 1 

This function has the asymptotic expansion for large z 



(15) 



TV 



5 1 

31n2 + lnz-— — 
16 z. 



+ o(*- 



(16) 



Substituting (|16D into the right hand side of ( |i~3|) we end up with 

, fdr cS \ 2 7 1 /7-7213 ol0 . \ 1 

■ {T ' T ->Ur = 2^^ + l2^3^ + 2 'S? 



(17) 



Substitution of ( ]TT|) into (|13|) then leads to 



<5i 2 



7 



2 2 -3 5 



which then fixes the erstwhile free parameter in {r, z}. This is the result we have been 
aiming at. Indeed all higher instanton coefficients are now determined implicitly by 
the equation 



{t, t cS } 



dz 



[{t> *} ~ { r cft> *}] • 



(19) 



In order to integrate (|13D one notices |Tl| that any solution of flD can be written 
as a quotient 

(m(z) + cM*)) , , 

(e«i(«) H-/u 2 (z)) 

where U\,ii2 are two linearly independent solutions of the hypergeometric differential 
equation 

(1 + z)(l- z)-^u(z) + ((c - 2)z + c - 2a - 2b) -^u(z) + ^— = 0, (21) 




A -plane A, -plane 



Figure 1: Relation between r cft and r. z — A_i = — 1 + 2/A 



with 



b(c — a) + a(c — b) 



1 
2 



and (a — 6) z 



af. 



The coefficients (i, e, / in(EO) are determined by the asymptotic expansion 



. . i . z i 

t [z ) = — m — I z 

K ! vr 2 8tt 



44) + o(,- 



Finally we substitute z in (p0[) by 



(r cff ) = A_i 



2 T, 



Aq ( r eff) 



where Ao is the automorphic function 
T^ 1 : t oH ^ A G C 

' 1 + g, 



(22) 



(23) 



(24) 



(25) 



2n 



Ao(r eff ) 



i6g e n 



,2n-l 



with 



exp(«7rr eff ) 



n=l \H-9i 

This then integrates (|T3|). To extract the instanton coefficients one needs the inverse 
map t cB (t). This can be done iteratively We have done this to 0(g 4 ) allowing us to 
predict the 4-instanton coefficient 

i 7-17-421 



C4 = **'. 3io'. 521" (26) 

We close with the observation that globally the inverse function t cB (t) cannot be 

single valued. Indeed, existence of a single valued inverse function z{t) requires a\=p 



or a = 1/p, p E Z [O. As a consequence, the instanton corrected effective coupling 
Teff(T) has a cut somewhere in the strong coupling region. It would certainly be inter- 
esting to understand the origin of this branch cut from the non-perturbative physics 
of this model. Thus far this remains elusive to us. 
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